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Abstract A construction of conservation laws and conserved quantities for 
perturbations in arbitrary metric theories of gravity is developed. In an ar- 
O . bitrary field theory, with the use of incorporating an auxiliary metric into 

the initial Lagrangian covariantized Noether identities are carried out. Iden- 
^ , tically conserved currents with corresponding superpotentials are united into 

a family. Such a generalized formalism of the covariantized identities gives a 
natural basis for constructing conserved quantities for perturbations. A new 
family of conserved currents and correspondent superpotentials for perturba- 
^ , tions on arbitrary curved backgrounds in metric theories is suggested. The 

conserved quantities are both of pure canonical Noether and of Belinfante cor- 
rected types. To test the results each of the superpotentials of the family is 
■ applied to calculate the mass of the Schwarzschild-anti-de Sitter black hole in 

the Einstein-Gauss-Bonnet gravity. Using all the superpotentials of the family 
gives the standard accepted mass. 
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1 Introduction 

Examination and study of perturbations in general relativity (GR) , including 
gravitational waves, cosmological perturbations, etc, unavoidably lead to con- 
structing conservation laws and conserved quantities for such perturbations. 
To describe a perturbed model one needs to choose a background spacetime 
(not perturbed solution of the theory), in which perturbations propagate. De- 
pending on a concrete problem, a background can be both flat (Minkowski 
spacetime) and arbitrary curved (e.g., cosmological, black hole, or another so- 
lution). Researches consider such systems both in an approximation (say, in 
linear one) and in an exact form (without any approximation, perturbations 
are not infinitesimal). In earlier works, conserved quantities in GR, classi- 
cal pseudotensors and superpotentials, have been presented in a non-covariant 
form. At the present time, researches elaborate and study covariant quantities. 
For the most of the above one can recommend the reviews [1,2] and numerous 
references therein; the paper [3] can be very useful also. 

As a rule, a construction of conservation laws is based on using the Noether 
procedure. Even non-covariant pseudotensors and superpotentials have been 
connected with the Noether theorem [4-6] . In the framework of GR, the Noether 
procedure is applied to the Einstein-Hilbert action either directly, or not ex- 
plicitly. Various appropriate modifications of the Lagrangian are used, these 
are an incorporation of background structures (such as metric, connection, 
etc), an addition of various divergences, etc (see, e.g., [7-13]). In GR, due to 
efforts of very many authors a technique of applying the Noether theorem has 
been well developed. However, last two decades, numerous metric theories, 
which are various modifications of GR, become more and more popular. They 
are quadratic in curvature theories, see, e.g., [14]; or theories of the Love- 
lock type [15]; or f{R) theories [16], etc. For them there is also a necessity 
to study perturbations and construct conservation laws. Many results in this 
direction have been obtained also (see, for example, [17-23], and reviews [1, 
2] and references therein). However, concrete forms of metric Lagrangians in 
such theories are very various and more complicated than in GR, therefore it 
is very desirable to elaborate united rules for constructing conservation laws 
for perturbations. The present paper is just devoted to this problem. 

One of the main requirements is to construct covariant expressions and 
quantities. However, recall that covariant derivatives of the metric arc equal 
to zero identically. Therefore a direct application of the Noether procedure in 
the framework of gravitational metric theories leads to non-covariant identities 
and conserved quantities [24]. To present covariant expressions one includes 
either additional structures, or uses relevant reformulations. One of the earlier 
attempts to suggest covariantized Noether identities in GR is the Ray work 
[25]. Here, in a definite sense, we develop Ray's ideas. Examining perturbed 
models with a fixed background (a known solution), we operate with a back- 
ground metric anyway. Namely its presence permits us to construct covariant 
expressions. 
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Already covariant identities and conserved quantities for perturbations in 
arbitrary field theories with using an auxiliary background metric have been 
suggested; these results have been applied in the framework of the Einstein- 
Gauss-Bonnet (EGB) gravity [20 23]. However, first, a generalized formalism 
of constructing such conservation laws was not presented fully in all the details; 
second, not all the possibilities of such covariant generalized constructions have 
been discovered and developed. In the present paper, we close these gaps. The 
paper is organized as follows. 

In Sect. 2, as preliminaries, we give Mitzkevich's presentation [24] for de- 
riving Ncjcther identities in an arbitrary field theory. The Noether procedure is 
applied directly to a covariant scalar density (Lagrangian) , however presented 
in a not covariant form through partial derivatives of field variables up to a 
second order. All the metric theories, Lagrangians of which depend on the Rie- 
mann tensor algebraically, are just related to this class. As a finalized result, 
not covariant identically conserved currents and correspondent superpotentials 
are obtained. 

In Sect. 3, covariant identities and identically conserved quantities are 
carried out in an arbitrary field theory. In Subsect. 3.1, for this goal one 
includes an arbitrary fixed external metric into the Lagrangian exchanging 
partial derivatives (in a special way) by covariant derivatives related to the 
external metric. In the result, the initial Lagrangian becomes evidently covari- 
ant, although in a reality it does not contain the auxiliary metric in whole. 
This trick permits us to present in a covariant form both identities and identi- 
cally conserved quantities. It turns out that the way of constructing covariant 
conserved quantities presented in Subsect. 3.1 has a freedom, which is consid- 
ered in Subsect. 3.2. In Subsect. 3.3, we explore the freedom to present a new 
family of covariant Noether identities and identically conserved quantities. In 
Subsect. 3.4, we expand the new family using the Belinfante modification [26], 
which is a more popular reconstruction of the pure Noether procedure [13] . 

In Sect. 4, using the generalized results of Sect. 3, we consider an arbitrary 
metric theory. In Subsect. 4.1, necessary elements of the Noether identities 
related to a pure metric gravitational Lagrangian are given. In Subsect. 4.2, a 
new family of covariant conservation laws and conserved quantities for pertur- 
bations on arbitrary curved backgrounds, containing both canonical Noether 
and Belinfante corrected types, is presented. 

In Sect. 5, we apply the above results to calculate a mass of D-dimensional 
black hole (BH) in the EGB gravity presented by the Schwartzchild-anti-de 
Sitter solution [27]. In Subsect. 5.1, we represent the new family of conser- 
vation laws for constructing conserved charges in EGB gravity in general. In 
Subsect. 5.2, we use them to calculate the black hole mass. Already, one of the 
variants of conservation laws included in the family has been used to study 
some solutions in EGB gravity [20-23]. We take into account the previous 
results as a start point for the present calculations. 

In Sect. 6, we discuss the obtained results and future perspectives of their 
applications. In Appendix A, useful algebraic formulae for calculating with 



4 



Alexander N. Petrov, Robert R. Lompay 



tensor densities in a generalized form are presented. In Appendix B, necessary 
formulae in the EGB gravity are given. 



2 Preliminaries. Ncether identities in an arbitrary field theory 

In this section, our presentation follows the presentation in the book [24] . We 
derive the Ncether identities and conserved quantities for arbitrary theories, 
an action of which 

S = j d'^xL (1) 

is invariant with respect to coordinate transformations. Thus, the action (1) 
is a scalar, whereas the Lagrangian 

L = L(Q^;0^,«;Q^,„^) (2) 

is a scalar density. Here and below 'hat' means that a quantity is a density of 
the wight +1, for example, g'^" = y/^g^" , L = y/^L. Here, the covariance 
of the action (or more formally, of the Lagrangian) is the basis for applying the 
Ncether procedure. Dynamical fields of the system (1) and (2) are presented 
by a set of tensor densities Q"^, where the generalized index 'A' is a collec- 
tive tensor index. Keeping in mind popular mcitric gravitational theories, the 
Lagrangian includes derivatives up to a second order. Here and below, Greek 
indexes numerate coordinates in f-dimensional spacetime; {,a) = da are par- 
tial (ordinary) derivatives. 

Considering Lie displacements as perturbations of the system, we define 
variations of fields as their Lie derivatives: 

S^Q^ = £^Q^ = -r^oQ^ + Q%da^^ . (3) 

Please, note the opposite sign 'minus' with respect to the usual one (we follow 
the definition of variations in [24]). The notation Q"^]^ is defined by the trans- 
formation properties of Q^; algebraic properties of Q"^]^, necessary here, can 

be found in Appendix A. 

Because the Lagrangian is a scalar density of the weight +1, its variation 
leads to the identity: 

S^L = £^L = -{CL).a- (4) 
Keeping in mind a dependence of the Lagrangian (2) on and their deriva- 
tives and substituting (3) into (4) one obtains the identity: 



£iQB + da 



SQ 



0. (5) 



Usually the identity (5) is named as the general Ncether identity. The La- 
grangian derivative is defined as usual 



SQb QQb \ dQB,a j \ dQB,a0 
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(where d^r = djsdr) and defines the left hand side of the field equations for 
Qb: 

0. (7) 



5Qi 

We introduce also the notation: 

5L dL 



da 



dL 



dQB,ali 



(8) 



Substituting (3) into (5) and providing identical transformations one obtains 
5L 



5Qi 



-Qb,oc + d, 



'/3 



SQ 



0. 



(9) 



In (9), the coefficients are defined by the Lagrangian without ambiguities in 
unique way: 



Ua'^ = Ld^ 



SL 
6Q^ 



qb\: 



SL 



SL 
5Qb,c 



SQB,a 

dL 



daQB 



dL 



dQB,T 



d„QB + 



dQB,0a 

dL 



tQb, (10) 



dQ 



B,Pa 



dp{QBO, (11) 



AT aT/3 _ 1 
l^a — 2 



dL 



dQ 



B,l)a 



Qb\1 + 



dL 



dQB,Ta 



(12) 



To derive the last coefficient the evident relation N^"'^^ = N^"^'^ , following 
from (9), has been used. 

Opening the identity (9) and, since ^'^ , daSf , dpaC'^ and d^paSf arc arbi- 
trary at every world point, we equalize to zero the coefficients at them inde- 
pendently and obtain the system of identities: 



do.Ua'^ = ^QB,a+dA 

oQb ' 

?7^« + dxMa^" = 0, 



SL 
SQ^ 



QB\i , 



(13) 

(14) 
(15) 
(16) 



As wc know, the system of equations (13) - (16) was pioneered by Klein [28, 
29]. Therefore, we shall refer to this system as the Klein identities. After dif- 
ferentiating (14) and using (15) and (16) one obtains the identity daUa" = 0. 
This means that the right hand side of (13) is equal identically to zero also 



SL 
SQb 



QB,a + djj 



SL 
SQb 



Qb\ 



0. 



(17) 
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These are just the Ncethcr identities. Thus instead of the identity (9) one can 
use independently (17) and 



da 



0. 



(18) 



Call the expression under the divergence with a sign 'minus' as a current 



(19) 



Sign 'minus' is selected to be in a correspondence with the usual sign 'minus' 
before gravitational (metric) action (see, e.g., [1]). Because the divergence 
(18) is equal to zero identically, the current has to be expressed through a 
quantity (superpotential), a double divergence of which has to be equal to 
zero identically: /"(^) = 9^/"''(^), where d^pl'^^ii) = 0. Let us show this. 
Due to the symmetry in last two indexes in (12) and the identity (16) one has 



N, 



l3aT 



0. 



(20) 



Using this identity and (14), after not complicated transformations one obtains 



Ma'^"^r + 2iV^'''"'XA-^A (-/V^^^^r) • (21) 



This is rewritten in the form of the identity 
where the superpotential is defined as 



(22) 



(23) 



It is evident that dapi"'^{C) = 0, the last term disappears under the double 
divergence due to the identity (16). Thus (22) can be considered as the identity 
equivalent to the conservation law (18) for the current /"(C)- 

It is not a goal of the present paper to describe and discuss nuances of 
the Noether theorems [30] in a detail. For this important and interesting topic 
one can sec, e.g., [31 35] and references there in. Here, the above presenta- 
tion differs hy the form from the results of applying the classically formulated 
Noether theorems. It is because the presentation (1) - (23) is more convenient 
for deriving conserved quantities in metric theories of gravity. Although, of 
course, an analysis of the general Noether identity has to cover the classical 
presentation. Let us show this. 

The first Noether theorem can be formulated as follows: If the action S 
is invariant under a finite continuous group of transformations Gr depending 
smoothly on r independent parameters, then there exist r linearly independent 
combinations of the operators of the field equations (Lagrangian derivatives 
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(6)) expressed through divergences of currents. Let us substitute = = 
const into (5). Then one obtains the identity: 

which is just the result of applying the first Noether theorem. Here, the currents 
arc defined as J^^^ and are conserved, d^J^^^ = 0, if the field equations are 

satisfied: SL/SQb = 0- 

The second Noether theorem can be formulated as follows: If the action S is 
invariant under an infinite continuous group of transformations Goor depend- 
ing smoothly on r arbitrary functions, then there exist r identically vanishing 
linearly independent combinations of Lagrangian derivatives and their partial 
derivatives. The identity (17) is the result of applying this theorem. 

Combining the results of the first and second theorems, Noether has for- 
mulated the statement often referred as the third Noether theorem [31-35], 
although it was not presented as a theorem. It is explicitly presented in sec- 
tion 6: "An Assertion of Hilbert" of her paper [36,30] and sounds as follows: 
If the action S is invariant under an infinite continuous group of transforma- 
tions Goor, then the current J^^-^ constructed for a finite subgroup Gr of the 
group Goor (due to the first Noether theorem) is the sum of the divergence of 
the superpotential and a term vanishing on the equations of motion. However, 
Noether did not provide a recipe for the superpotciiitial construction. In the 
case of generally covariant theories, an analogous statement was proven by 
Klein (the Klein boundary theorem) in his works [28,29] that appeared prior 
to the NcKthcr's paper where they are cited. Furthermore, additionally to the 
identities (14) - (16), Klein supplied the recipe for the superpotential con- 
struction. Taking into account such a historical development, we shall name 
the system (14) - (16) and (17) as the Klein-Naether identities. 

All the above expressions and identities are not covariant. The next sections 
are devoted to a construction of covariant identities and conserved quantities. 



3 Covariantization of Ncether identities by including external 
(background) metric 

3.1 A direct apphcation of the Noether procedure 

The Lagrangian (2) of a covariant theory is not covariant evidently. One of the 
ways to present it in an explicitly covariant form is to incorporate an external 
(auxiliary, background) metric as follows. Turning to the formula (163) one 
finds 

QB;a = QB,a+TlpQB\', , (25) 
Qb;c,0 = QB,a0 + lZcp,0 <3slr + "^ap ( <3b |?)^^ 
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+ r 



0p 



+ QB\r , (28) 



'{QBK),^+n. qboi - K {QB,r+n. qb\;)' 

= QB,a^+Tlp^p Qb^+T^p {QbO.P+T^Pp {QB;a)t 

-VIQbI'X- (26) 
Because the Lagrangian (2) is a scalar density, after identical substitutions 

QB,a = QB;a - r „p Q bC , (27) 
ap^ pi, WB\r\p 

it is transformed into an explicitly covariant form: 

L{Qb, QB,a, QB,ctfi) = ^{Qb, QB;a, QB;ap, R M/3.) • (29) 

Here, Qp^^,, and fC are metric, Cristoffel symbols and the curvature 
tensor of the auxiliary spacetime; (;„) = means a covariant derivative with 
respect to g^j,] here and below 'bar' means that a quantity is a background 
one. One needs to make an important remark. The left hand side; of (28) is 
evidently symmetric in a and /3. To show this for the right hand side one has 
to present QB;afi = QB-^afi) + QB;[a/9]) tum to the formula (167) and make 
necessary algebraic transformations using other formulae from Appendix A. 

To conserve the explicit covariance under variation of £. the direct way 
is to variate the external metric g^^, together with fields Qb- However, this 
way is very cumbersome, and we are going by a more economical one. It is 
easily to check that the right hand sides of (27) and (28) do not contain the 
background metric and Christoffel symbols in a reality. To be convinced in 
this one has to open covariant derivatives in the explicit form. Then it is clear 
that substitution of (27) and (28) does not incorporate an additional external 
metric. Recall that the initial Lagrangian (the left hand side of (29)) does not 
contain a background metric by definition. Therefore the new presentation of 
the initial Lagrangian after substitution of (27) and (28), namely £ in (29), 
does not contain g^^, and its derivatives in whole. This means that finally 

variation of jC has to be transformed into the identity (9) anyway. Thus, we 
follow the inverse way. Using (29), we represent (9) into an explicitly covariant 
form, and then obtain covariant identities and covariant conserved quantities. 

At first we note that the identity (9) is covariant in whole since it has been 
obtained from the covariant identity (4) directly and conserving all the terms. 
Now, turn to the identity (17). It is known that the Lagrangian derivative of 
the scalar density (6) is covariant. Here, it is useful to demonstrate this fact 
and to have a covariant expression at hand. We use the algebraic properties 
of the quantities given in Appendix A. Let us consider the terms of (6) 

separately, the first one can be represented as 

dL _ dt _^ dt dQc-a _^ dt dQc-ap 



BQb OQb dQc;a dQs dQc;afi OQb 
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dL 



dC d 



OQb dQc-a OQb 

+ (<5s qc\;\1-s;siqcZ)t;x,. 



dL d 



(30) 



To derive the second term in (6) it is necessary the next equahty, which follows 
from (26) and (29): 



dL 



dQB,a dQs-a dQc;nu QQb-, 



dC 



+ 



dL 



d 



dQB;a dQc-ixu dQB-a 

Thus for the second term in (6) one has 

' dL \ ^ ( dL ' 



-da 



dQB,o 



dn 



dt d 



+ r, 



dQc;nu dQB-a 

To derive the third term in (6) we note that 

dL dt 



r,,{QcO,, + r^,{Qc;,)t ■ (31) 



- / dL 

\dQB,a 



.(32) 



dQB,afi dQB;c 



(33) 



it is evidently covariant and directly follows from (26) and (29). (Here, we 
do not take into account the symmetry in a and (3 at the left hand side, see 
discussion in Subsect. 3.2.) Thus for the third term in (6) one has 



da/i 



dL 



dQB,c 



D 



dL 



da 



r 



dQB-.af! I 

- / dL 



[ dQB;aP 



D[- 



dL 



dQB,c 



(34) 



where Dap = DaDp. Summing equalities (30), (32) and (34) one finds that 
the first terms on the right hand sides survive, the other terms are self- 
compensated due to the rules in Appendix A. Thus we show that the La- 
grangian derivative (6), the left hand side of the equations of motion (7), is 
represented in the explicitly covariant form: 



5L 



6L 



dL 



SQb SQb dQB 



Da 



dL 



dQ 



Da 



dL 



B:a 



dQB;ap 



(35) 
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Keeping this in mind and using the properties discussed in Appendix A, it is 
not difficult to show that (17) has also a covariant form 



5L 
SQb 



^ / sc 



SQl 



\ - 



0. 



(36) 



Then one concludes that the identity (18), the same as (9), is covariant in 
whole. 

Now, let us change partial derivatives of in (18) in the way dp^'^ = 
Dp^"^ ~ C'^l^ -^pa ^■iid rewrite it as 



where 



OCTI3 ^ ^ ar/3 ^ 



aXp T^T 
1 • 



(37) 

(38) 
(39) 
(40) 



Below, with using the new form of the Lagrangian (29) and the connections 
between partial and covariant derivatives (25) and (26) we show that the new 
coefficients (38) - (40) are represented in an explicitly covariant form. 

Let us begin from the last the coefficient (40). Due to (33) the coefficient 
N (12) is automatically covariant, and the coefficient n is presented in the 
obviously covariant form 



dC 



dQB;0a 



Qb\ 



dC 



dQ 



B-.Ta 



(41) 



To represent m in (39) we need in the representation of M in (11). The first 
term in M is defined by the derivative (8), let us reproduce it. For this we use 
(31), (33), and rules in Appendix A. One gets 



5L 



dC 



+ 



dC 



d 



SQB,a dQB;a dQ B;iiv dQ B;a 

T" 



J->f. 



dQB;a0 



dC 



(42) 



Using this expression and (33), and again rules in Appendix A, one obtains 
finally for M in (11): 



dc ^ dc d 

dQB;a dQB,nv dQB;a 

' dt \ ( dt 



^^KdQB.o.A^^'^'-KdQB.o.fi 



Qb\1 
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dL 



+ 



dQB-To 
dL 



dQ 



B;Ba 



(43) 



Next, substituting (43), (40) and (41) into (39) and, after using the rules of 
Appendix A, one gets the evidently covariant form for m: 



dC 

dQB;a 

dL 



-Dr.. 



dC 



dQi 



dQB;a0 ^ 

dL 



dQ 



B;S)a 



Qb\1 



(44) 



To derive u in (38) we have already (40) with (41), and (43). We need to 
represent only (10), where the first two terms are evidently covariant (see (29) 
and (35)); the third term is defined by (42) and by (27): 



6L 



-daQB = 



6L 



^QB,a ^QB,a ^ 

and the fourth term is defined by (33) and (28) 



r 



pa Q-bIt) ' 



(45) 



dL 



OQb,/: 



3aQl 



'dp^Qb - rlp,p QbZ - rip ^/^(QbI?) 



dQB;l3a 

-t;, {Qb;.x+ti^t;^ Qb\X). 

Finally one has the evidently covariant form: 



(46) 



tia" = LbZ 



6L 



iB\„ - 



dL 



dQB;l3, 



dL 

dQB,c 
1 dt 

2dQB;Ta 



-D, 



dL 



dQB;a0 ^ 

Qb\x R arf) ■ 



(47) 



Showing that the coefficients in (37) (rewritten (18)) are covariant, we 
demonstrate that the expression under divergence in (37) in whole is a vector 
density, and the identity (37) can be rewritten as 



(48) 



Opening it and equating independently to zero the coefficients at Da^f' , 
D{/3a)^'^ and -D(^^„)^'^, we get a set of identities: 



(49) 
(50) 

(51) 
(52) 
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Substituting here the initial definitions (38) - (40) one can be convinced that 
the system (50) - (52) consists of hnear combinations of the Klein identities (14) 
- (16). The identity (49) corresponds to daU^ = 0. The last is a consequence 
of (14) - (16). Analogously, (49) is not independent - it is a consequence of 
(50) - (52). 

Since the equality (48) is identically satisfied, the current 

= - [u^"^^ + m<,"":D^r + n^^^^D^ri''] , (53) 
must be a divergence of a superpotential (antisymmetrical tensor density): 

r = di3i°'^, (54) 

for which d^ai"^ = 0. Indeed, substituting iicr" from (50) into the current (53), 

using (51) and algebraic properties of h„"^^ and R pp^, and conserving the 
covariance, we reconstruct (53) into the form (54), where the superpotential 
is 

^^a0 ^ (^2;o^^^[a/3]A _ ^^[«/3]^ _ 4^^[a/3]A;^Ar • (55) 

It is explicitly antisymmetric in a and (3. 

At last, the current in (53) can be rewritten as 

= - [(«,,« + nx''^''R\^,)C + mP^^d^pip^ + r] (56) 

where z-term is defined as 

5«(^) = m-^/'Ca^ + n^«^T {2D^(:0p - DpCff-y) , (57) 

and 2(pa = —X^g^^ = 2D(^p^^y Thus, z-term disappears, if is a Killing 
vector of the background spacetime. Then only the current (56) is determined 
by the energy-momentum (u + ni?)-term and the spin m-term. 

Now, let us sum the results. Instead of the non-covariant coeflScients (10), 
(11) and (12), correspondent covariant coefficients (41), (44) and (47) have 
been constructed. Instead of the non-covariant Klein- Ncether identities (14) - 
(16), (17), correspondent covariant identities (50) - (52), (36) are presented. By 
the construction, the explicitly covariant current (53) is equal to the current 
(21) in the original form exactly: = I". However, one can show that 

-a/3 ^ ja/3 ^ Ag^ (iV^[^«"^-^ . (58) 

This means, of course, that d^i"^ = d^I"^ for the superpotentials (55) and 
(23), thus there is no a contradiction. 
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3.2 Another variant of covariantization 

In Sect. 2, all the identities and conserved quantities are derived through par- 
tial derivatives. The order of partial derivatives is not important because they 
are symmetrical with respect to replacements. For example, expressions, like 
ap, are symmetrical in a and /3. Nevertheless, in previous subsection, 
we did not used the symmetry of partial derivatives, conserving an original 
order of derivatives in the identities (unlike [24]), see remark after (33)). This 
has permitted us to present the covariant versions of identities and conserved 
quantities. However, there arc another possibilities. 

To introduce the situation let us consider an auxiliary Lagrangian L*^** = 
P^"^QB,ap + ... as an example. After direct covariantization it acquires the 
form £*^** = P^^^QB-af! + ■ ■ ■■ The variation with respect to QB,af) in the fist 
case gives 

pB{ali)_ However, originally P^°'P is not necessarily symmetrical in 
a and j5, therefore in the second case the variation with respect to Qb-k^ gives 
simply pB<^P, Thus, unlike the first case, the other order of second covariant 
derivatives can lead to a different result. If we symmetrize a and /3 in the 
second case: = P^°'^QB-(ap) + • • • then we need to change the other 

terms in the Lagrangian. 

To study the problem of a different order of second covariant derivatives 
let us change this order in (29): 

L{Qb, Qb,o:, Qb,o:0) = ^{Qb, QB;a, QB;ap, 9^i,, R fifiv) 

= ^{Qb, QB;ai QB;l3a + QbI'^ Rp'^al3, R fijiv) 

= C*{Qb, QB;a, QB;al3, Q^v, R" nfii^) ■ (59) 

For the sake of clearance one has to explain the notations. Here, the second 
line has the form of the Lagrangian of the first line, only the inverse second 
covariant derivatives are used. One can see that the arguments are mixed at 
the second line. After re-ordering the arguments, following the first line, it is 
clear that the Lagrangian acquires the other form (the third line). The star 
form is useful for the presentation because we need not remark every time that 
we use the inverse order of derivatives. 

After the exchange in (59), it is evidently that derivatives with respect 
to second covariant derivatives of Qb change their order, also one obtains 
an additional derivative with respect to Qb, proportional to the Riemannian 
tensor. At first, one has to be convinced that after this exchange the equations 
of motion (7) do not change. Of course, for the starred Lagrangian the form 
of the Lagrangian derivative has to be the same (35). Then, substituting the 
second line of (59) into (35) one obtains 

5l* dt - ( dt \ - ( dt \ dt d ,^ .p- ^ . 

WB^dQ-B-""^ {dO^rr'"'' \dQ^rrdQ^,dQ-B ^^^"^^^ ' 

(60) 

Changing the order of derivatives in the third term at the right hand side, 
using (167) and other formulae in Appendix A, one can see that, indeed, it 
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is same Lagrangian derivative (35). However, the different definitions of the 
covariantized Lagrangin in (59) lead to different conserved quantities that we 
show below. 

The use of the second line of (59) in (41), (44) and (47) gives 



dt 



+ 



dQB;a 



dQB;c 
dt \ 



(61) 



dQB;0a^ 



dC — 

O^Biar 



(62) 



5C 
SQb 



Qi 



dC 



dQB;a 



dQ 



B;Ba 



dC — 1 dt o \ 

J->PaQB + -^-^ Qb\\ a tTT0 



dQs: 



al3 



2dQB;c 



(63) 



Remark, to obtain the set (61) - (63) one has to turn to the expressions (41), 
(44) and (47) and change the order of the second derivatives in all the terms, 
like dt/dQB;af} — >■ dt/dQB;poti simultaneously. 

Because all the expressions (61) - (63) have been obtained from the La- 
grangian t* that is a scalar density, like £, they have to satisfy all the same 
identities (49) - (52) also. Let us show this. It is not difficult to find a connec- 
tion of the expressions (61) - (63) with the coefficients (41), (44) and (47): 



n, 



QT/3 



dL 



dC 



dQB;[a^ 



dQB;[€YT] 



dt ^ ^ „^ / dt 
D^Qb + 2D^ ' 



= - 2D 
where we define 



dQB:[aT 

dt 



dQB;[. 



dQB;[(xfi\ 

dt 



Qb\1 



dQB;[o 



Qb\\ r 



X 



(64) 
(65) 
(66) 



djC 



dc 



dC 



dQB;[al3] 2 \dQB;a0 dQB-0a 



(67) 



A direct substitution of (64) - (66) into the identities (49) - (52) shows that 
n* , m* and u* satisfy them also, like the coefficients n, m and u. This means 
that if we construct a starred current with using the rule (53): 



(68) 
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then it is conserved identically. Indeed, it is easily to find that 

= ^" - iDp ( ^^Qb) . (69) 

Then dai*°' = da.i°^, and consequently dai*"' = 0. Analogously to (54), the 
identity 

i*" = dpi*"^ (70) 

exists where 

= (|:DAn* '"'^'^ - rh*J"^^) r - ln*J"^^^Dx^^ ■ (71) 
The direct substitution of (64) and (65) into (71) gives 

<jQB;[a/3] 



2^ 
3^ 



+ 7;Dp 



^'^f Qsla - QbC + QbC 



.(72) 



The expression in the square brackets is antisymmetric in a, /3 and p. Thus 
Dp can be changed by dp and one can see that the term in the square brackets 
does not contribute into the current in (70). Also, due to the Stockes theorem 
this term does not contribute into surface integrals calculated with the use of 
the superpotential. Therefore we use only 

= i"^ - 2 " £^Qb, (73) 

C(^S;[a/3] 

which is in a correspondence with (69) and (70). 



3.3 A new family of the covariant Noether identically conserved quantities 

It is worthy to discuss the situation. One has the identities 

dj°' = dj" = dj*" = 0. (74) 

Recall that each of the Lagrangains L. £ Miid C* gives the same equations of 
motion for Qb- Then adding (17) in a related form to each of the identities in 
(74) one obtains 



= 0, (75) 
= 0, (76) 
= 0. (77) 
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Each of these identities is its own form of the unique identity (9). All of 
the identities (75) - (77) can be interpreted as following after variation of 
the same Lagrangian. Therefore, the choice of both and i*", as a covari- 
antized current, has equal rights. Nevertheless, what could be preferable from 
them? From the first glance it seems that it is because by the construc- 
tion, i" = I". On the other hand, a conservation of the symmetry of partial 
derivatives looks as a nice idea. Then one can choose L{Qb, QB,a^ Qb,oip) = 
C{Qb, QB;a, QB;(ai3) + k Qb^ Rp" afi, R°' instead of (59). In a real- 
ity, we do not see any theoretical foundation for a choice. Possibly, in future, 
applications to complicated solutions of the numerous modern modifications of 
GR will permit to do the choice. To unite aforementioned possibilities for con- 
structing covariant conserved quantities we suggest a covariantized Lagrangian 
of the form: 

L{Qb, QB,a, QB,al3) = B , Qb-.u, Qb-u^, 9^iv^ R fJ-Pv) 

= PC{Qb, Qb-u, QB;al3, 9^,1,, R 
+ qC*{QB, QB;a, Qb R ^p.) (78) 

where p + q = l with real p and q. The Lagrangian (78) leads to the same field 
equations (7), whereas the conservation law and conserved quantities for (78) 
are defined now as 

= d^i^'^^ , (79) 
i^" = pi°' + qi*"' , (80) 
£t«^ =pz«'5 + g£*«/3, (81) 

presenting in a reality a family of identically conserved quantities. 

To finalize subsection one has to note the following. Recall that a diver- 
gence in the Lagrangian, being non-essential for deriving field equations, is 
important (frequently even crucial) in a definition of Noether canonical con- 
served quantities. We give some necessary formulae. For the scalar density 
£' = d" one has the Noether identity (iJ^d" -I- ^"d'^,i/),a = 0, which has to 
be considered together with (4) (or (9)). This gives additional contributions 
into the current (53), also (69) or generalized (80), and into the superpotential 
(55), also (73) or generalized (81): 

£'« = -[ti;«r+<""^rr] , (82) 

= -m'J"^k'" (83) 

where 

u'^"" = 2D0{S^^d^^), m'„"^ = 25^^d^^ , n'^"^^ = 0. (84) 

Note that a construction of these quantities does not depend on the inner 
structure of d". 
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3.4 The Belinfante corrected family of covariant identically conserved 
quantities 

Here, wc modify the results of previoiis siibscctions by the use of the Belinfante 
procedure [26]. Using the general Belinfante rule [13] we define a tensor density 

which is called as a Belinfante correction, add D^{s"^'^^cr) to both sides of 
(54) and obtain a new identity: 

i% ^ dpif. (86) 
This modification cancels the spin term from the current (56): 

£g ^ - hx''^^R\^, + Dpr^,) r + = UB.'^e + mi (87) 

a new ^-term disappears also on Killing vectors of the background: 
m) = {mx^'^r^ + rnx'^^f'' - rhyj^r^) Crp 



Thus, the current is defined, in fact, by the modified energy-momentum ten- 
sor density usa"'- Because the new superpotential depends on the n-coefficients 
only: 

i"/ s 2 [^pfiJ^^^P + Drhx-P^'^g^^%,) C - InJ'^^^^Dxe, (89) 

then due to the definition (12) it vanishes for Lagrangians with only the first 
order derivatives. On the other hand, the superpotential (89) is well adapted to 
theories with second derivatives in Lagrangians, say, algebraically depending 
on Riemanninan tensor. 

It is important to note that the Belinfante procedure cancels the contribu- 
tions of the divergence into currents and superpotentials, see (82) - (84). Let 
us show this. The Belinfante correction constructed for the divergence by the 
rule (85) for (84) is presented as 

Then, adding 15/3(s'"'^^C<t) and s'°'^''^a to (82) and (83) and keeping in mind 
(84) one obtains easily 

i'" + D0{s'"^^^^) = - + K'^^Dr^"] + Dpis"'^'^^,) = ; (91) 

i'"^ + s'^'^^^a = -m'J^^k" + s"'^^^a = (92) 

All the above can be applied exactly to the starred quantities in Sub- 
sect. 3.2, obtaining in the result 

z-^a^z-'^ (93) 
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where 



_ nr^^<^. + D0s*'^^,) r + (94) 
= 2 (i;Dpn;["^l'' + DrfiYP^^-gP^^-gp^) C - ln*J''^^^DxC ■ (95) 
The connection with the usual and starred Behnfante corrected quantities is 



2Dr- 



dQB;[. 



QBtD,e+D_ 



dQB;[ap] 



Wb\x 9 



+ 



dC 



dQB;[ap] 



Qi 



dC 



dQB;[0p] 



(96) 



+ 



dQB;[a, 

dt 



QB\tf^^ 



dQ B:\ap] 



Qi 




dQB;[l3p] 



(97) 



The Behnfante corrected covariant conservation law and conserved quantities 
for the united covariantized Lagrangian (78) are defined as 



4" = dgi^'B^ 



-B 



pi% + qi*B ■ 



P^B 



I^B ■ 



(98) 
(99) 
(100) 



presenting a Behnfante corrected family of identically conserved quantities. 

It was remarked earlier that the conserved quantities constructed in [1, 
20,21,23] are unique for the Lagrangian and in the framework of the Noether 
or of the Noether-Belinfante procedure. There is no a contradiction with the 
results of this section where we suggest a new family of conserved quantities. It 
is because we have found here various possibilities to construct covariantized 
Lagrangians, in fact we suggest a family of such Lagrangians (78). Thus, for 
each of the Lagrangians of the family the conserved quantities are defined by 
an unique way. 



4 Conserved quantities for perturbations in arbitrary 
-D-dimensional metric theories 

4.1 A metric theory 

To present £)-dimensional metric theory we consider the Lagrangian: 

1 



Ln = —. 



2kd 



(101) 
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which depends on the metric g^i, and ^ and their derivatives up to a sec- 
ond order, where defines matter sources without concretization. Thus Lg 
can be thought as an algebraic function of the metric and Riemannian ten- 
sors, Lg{g^i,) = Lg{g^i,,R°'pj3a), that can be arbitrary. Variation of (101) with 
respect to g'^'^ leads to the gravitational equations: 



(102) 



Variation of (101) with respect to ^ gives corresponding matter equations. 

Below we will use also the background Lagrangian defined as Ld = Li)[gni,,^) 
and corresponding background gravitational equations 



(103) 



and matter equations. We set that the background fields g^^ and $ satisfy the 
background equations and, thus, arc known (fixed). 

In the present subsection, the subject of our attention is the gravitational 
part of the Lagrangian (101). Basing on the results of previous section, we 
set = {g^j,v} and incorporate an external metric 1)^^ into Lg in (101). A 
presentation of the Lagrangian in an "explicitly" covariant form with the use 
of g^j, is carried out exactly by the recipe of previous section. We change 
partial derivatives by covariant derivatives defined with respect to g^^,. Thus, 
we transform the pure metric Lagrangian Lg into an explicitly covariant form: 



(104) 



Now we derive the coefficients (41), (44) and (47) for the Lagrangian £ = 
—jC,g/2KD, setting there = {g^i^}- Thus, the coefficients are defined as 
follows. We directly rewrite n and m coefficients: 



1 



4:KD 



dgnv-fic 



dLa 



(105) 



m„ 



2kd 



SCg 



D„g,. + ^^D^{g,Al) 



where g^^Xn = -25/3(/i*<5") and 



dg^v;^o 



(106) 



5Cg _ dCg 



It is useful to present u coefficient in a structured form: 



(107) 



Un = —- 



1 



(108) 
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we use the notations 

U.'^ ^ (j^D^09,. + 4^'^^9,. - -^^a) • (110) 

As usual, 5Cg/5g^v means Lagrangian derivatives, see (35), Q'^a is exactly 
the symmetrical left hand side of (102), and U'^a is the generalized canonical 
energy-momentum related to the gravitational Lagrangian (104). 



4.2 Currents and superpotentials for perturbations 

Incorporation of the background metric is a key point, basing on which one has 
a possibility to describe perturbations. Perturbations are determined by the 
way when a one solution (dynamical) of the theory is considered as a perturbed 
system with respect to another solution (background) of the same theory. Then 
the background spacetime acquires a real sense, not auxiliary. Perturbations in 
such a derivation arc exact (not infinitesimal or approximate), and then linear 
or of higher order approximations follow easily. We will denote 5 as an exact 
difference between dynamical and background quantities: 

SqA^qA_-qa (111) 

Following to the Katz-Bicak-Lynden-Bell ideology [9] we construct the metric 
Lagrangian for perturbations: 

^«'^"") • ^^^^^ 

By the definition, the Lagrangian has to vanish for vanishing perturbations, 
therefore usually disappears for vanishing perturbations. 

At first we construct the Noether canonical conserved quantities. Substitut- 
ing (105), (106) and (108) into (53) (or to (56)), applying the barred procedure, 
subtracting one from another and taking into account the divergence in the way 
(82) - (84), one obtains the current corresponding to (112): Jz" = — i°' 
Then we use the dynamical equations (102) in Ua°'- We change Gixv (as a part 
of Uct", see (108)) by the matter energy-momentum r^,^ at the right hand side 
of (102). Next, we do the same combining u^" and the barred equations (103). 
In the result one obtains that the identically conserved current 5i" related to 
(112) transforms into the current for perturbations: 

i"(0 = + ^""''^kC/s] + • (113) 



Now, the conservation law: 

5„±«(0 = 



(114) 



Conservation laws for perturbations in metric theories of gravity 



21 



takes a place due to the field equations, not identically. The generalized canon- 
ical energy-momentum tensor density, spin-term and Z-term for perturbations 
are 

= Sf^ + dU^" + K^^D^iSl^d^^) , (115) 

M""^ = Snip^^g^P - K^i^'^I^d'^l , (116) 

i«(0 = -5z'' + K^'dr^'"' (117) 

where 5 has a sense of a general definition (111). To present the value of the 
current (113), one has to take solutions to the equations (102) and (103) and 
use them for calculating concrete values of the quantities (105), (106), (110) 
and (57). Starting from (55), by the same way we construct a superpotential 
corresponding to the current (113): 

ja/3 ^ (^2;p^^^^[a^]A _ _ 2K-^^8'^^d^'^^ ^ " |^n<,I°^l^:DA^^(118) 

Then, instead of (114) one can use the conservation law in the form: 

j"(0 = 9„i"^(0. (119) 

It is not identity, but the conservation law for perturbations determined by 
the solutions to the equations (102) and (103). 

Analogously the starred conservation law can be constructed. Thus, more 
generally, the family of the Noether canonical conservation laws for perturba- 
tions corresponding to the presentation (78) - (81) has a form: 

it"(^) = a„it"^(^). (120) 

It is edifying to find a connection of the generalized conserved quantities in 
(120) with known ones in 4D GR. Note, that even in D-dimensional GR there 
is no a difference between starred and non-starred quantities. It is because 
the Einstein part of (175) in Appendix B does not contain an antisymmetrical 
part. Therefore for GR the conservation law (120) is a single one, not a family. 
Thus, it is enough to take into account the Einstein part in (178) - (180) in 
Appendix B to derive a superpotential in (120) for GR. Next, choosing the 
Minkowski background in Cartesian coordinates and the translation Killing 
vectors in the form ^" = one recognizes that the superpotential in (120) 
goes to the very known Freud superpotential [37] in 4D GR. 

To construct the Belinfante corrected conserved currents for the perturbed 
system (112) we substitute (105), (106) and (108) into (87) and subtract the 
corresponding barred expression (87): Sif^ = i% — i%- The same is obtained 
after applying the Noether-Belinfante method directly to the Lagrangian in 
(112). Again, using the equations (102) and their barred version (103) in ■Uo-" 
and Ua", the current 5£g related to (112) transforms into 



(121) 
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Thus, one has a conservation law for perturbations 

9„ig(0=0, (122) 

which takes a place on the field equations, not identically. Of course, the cur- 
rent (121) does not contain a spin term, unlike (113). The Belinfante corrected 
energy-momentum tensor density and Z-term for perturbations are 

OBa" = Sf^ + SU^" + DpSs'^^^ , (123) 
ig(0^ -(5^2(0. (124) 

Starting from (89), a superpotential corresponding to the current (121) is 
constructed analogously: 

5if = if -If ^ 

Instead of (122) the conservation law for the perturbations can be presented 
also in the form: 

±m=da±%\0- (126) 

It is not identity, all the quantities (105), (106), (110), also (85) and (88) are 
determined by the solutions to the equations (102) and (103). 

By the same way the starred Belinfante corrected conservation law can be 
constructed. More generally, the family of the conservation laws corresponding 
to the presentation (78), (98) - (100) takes a place: 

4"(0 = a„Xr(0- (127) 

Again, for GR the conservation law (127) is a single one, not a family. Using 
the Einstein part in (181) and (182) in Appendix B one can be convinced 
that on the Minkowski background in Cartesian coordinates and with the 
translation Killing vectors the superpotential in (127) transforms into the well 
known Papapetrou superpotential [38] in 4D GR, see also [13]. 



5 Applications 

5.1 Conserved charges in EGB gravity 

In this section, we apply the results of previous sections to calculate mass of the 
Schwarzschild-anti-de Sitter (S-AdS) BH [27] in the EGB gravity. Reasons why 
we have chosen this solution are as follows. First, in the Einstein theory there 
are no diff'erences between various conserved quantities of the new family (see 
discussion in previous section) , but they are exist in the EGB gravity, which is 
a one of the most popular modifications of GR. Second, the S-AdS BH in the 
EGB gravity is a more known solution, which is frequently used as a standard 
solution in applications. 
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Historically, in [20- 23], it was suggested the starred variant of conservation 
laws for perturbations based on the identities (70) and (93) only. In in Ap- 
pendix B, we present the necessary formulae for EGB gravity including the 
starred supcrpotcntials (178) - (182) related to (71) and (95) on the right hand 
sides of (70) and (93). In [20,21], basing on these superpotentials, already we 
have obtained the mass for the aforementioned solution, which coincides ex- 
actly with the standard results. In previous sections, expanding the results 
of [20-23], we have suggested not only starred conserved quantities, but the 
family of conserved quantities united by (120) and (127). Here, we test all of 
them, calculating mass for the S-AdS BH in EGB gravity with the use of the 
generalized superpotentials in (120) and (127). 

Rewrite the conservation laws of all the types for perturbations in the 
united form: 

IZiO = d0ii^{O- (128) 

Here, a superpotential can be one of the set = {it«^, the same is 

related to the currents for perturbations. The conservation law (128) allows 
us to construct the conserved charges in generalized form in D-dimensions: 



J E JdE 



(0^ 



(129) 



In next subsection we concretize the notations for a section S and its boundary 

ds. 

With the use of (81) and (100), (118) and (125), and starred (118) and 
(125) we represent the superpotentials in (120) and (127) in the form: 



f ta/3 _ f *a/3 , „ 



(if - i*B') - (iB^ - iB^) 



: i*"'^ + pAI"^ , (130) 
= J*"'' + pAI^^ . (131) 



The expressions in square brackets are defined by the formulae (73) and (97). 
Because for the S-AdS BH the starred superpotentials already have been 
checked we need only to calculate 



AV{i)=pi dSiAI^j^ii) (132) 

JdE 

where Adf = {Z\X«^, /^%^}. 

To define AI'^ in (130) and (131) for the EGB gravity one needs in an 
antisymmetrical in a and /3 part of the expression (175), see (73) and (97). It 
is 



OjCegb _ 
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Thus, from (73) one has 



Kd 



(134) 



where the quantities Zi^^ are presented by the relation (171) in Appendix B, 
and the definitions (172) and (173) are used also. Prom (97) one has 



dt 



Kd 



The barred expressions are obtained easily. 



(135) 



5.2 Mass of the Schwarzschild-AdS black hole in EGB gravity 

The S-AdS solution in EGB gravity (see formulae (168), (169) in Appendix 
B) has a form [27]: 



D-2 



a,b 

with the metric components 500 = "/('') and gu = f~^{'f) where 
/(r) = 1 + 



2a(D-3)(D-4) 



X i 1± Wl- 



4ylo 



„D-3 



Aegb ' ' ' ' r'- 



] 



A-EGB 



{D-2){D-l) 
2a(D-4)(£)-3) 



(136) 



(137) 
(138) 
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The last term in (136) describes (D — 2)-dimensional sphere of the radius r, 
and Qab depends on coordinates on the sphere only. The Christoffel symbols 
corresponding (136) are 

ff f f ^ 

ri — ■' ■' r° — — — —— r° — - A"* — ~rfn i 

^OQ— 2 ' ^°~2/' 11^ 2/' ^ ab — '.iHab 

(139) 

where 'prime' means d/dr. The Riemannian, Ricci tensors and curvature scalar 
corresponding to (136) are 



■RoiOl — 5/" , RoaOb — \rf f'qab , Rlalb — " TTF^afe , 



rf 
2/ 

Rabcd = -r^{f - ^){qacqbd - QaaQbc) \ 

Rab = -[{f-l){D-^) + rf']qab\ 
R = - (/" + /'^) - ^ [(/ - 1)(^ - 3) + rf] . (140) 

The barred solution (136) is defined by the condition ro = and presents 
a background AdS solution with 

l(r) = l-r^ . (141) 

{D-l){D-2) ^ ' 

The effective cosmological constant is defined as 



thus Aeff is negative, see (138). For the metric (136) the relation ^--go = 
^J—'go = r^~^ \/AeXqab has a place and is important for calciilations. The 
background Christoffel symbols are the barred expressions (139). The back- 
ground Riemannian, Ricci tensors and curvature scalar are 

"d —OA ^9ixu9ap ~ 9ij.p9i/a) -5 _nA 9 ij.v "5 _ o /I ^ 

R^^auP - 2A,ff (^_2)(^_i) ' - ^^eff^^, R - ^^eff^^ ■ 

(143) 

The barred expressions (140) go to (143). It is evidently that for solutions 
(136) perturbations can be described only by Af = f — f. Keeping only the 
first order term with respect to 1/r, we obtain 



In [20,21], the mass of the S-AdS BH has been obtained with the use of 
the starred conserved quantities. The starred superpotentials (118) or (125) in 
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the EGB gravity arc presented by (178) - (182). Thus, using a timehke Kilhng 
vector ^'^ = (-1, 0) of the background and the S-AdS BH data (136) - (144), 
one obtains 



Here, I'^^ = {T*"/^, J*"'^}; dS is the (D - 2) dimensional boundary of S that 
is a spacclikc (_D — 1) hypcrsurfacc .x" = const. The result (145) is the standard 
accepted result obtained with using the various approaches (see, e.g., [14,17], 
[39-41] and references therein). 

To examine the family of conservation laws (120) and (127), calculating 
the mass of the S-AdS BH and keeping in mind (145), it is enough to calculate 
the integral (132) 



Here, the Killing vector = (—1, 0) is used again, and (134) and (135) have 

to be calculated for (136) - (144). In the canonical Nci^thcr case one obtains 
^ap _ £*a/3 = g_ r^j^g calculations for the Belinfante corrected case give 



The formulae (136) - (144) show that ALf = - i^^ ~ l/r^+^. Thus, 
for the canonical Noether case (120) AM = identically, whereas for the 
Belinfante corrected case (127) AM — due to the asymptotical behavior. 
This means that, calculating mass of the S-AdS BH in the EGB gravity, all 
the superpotentials of the new family give the same standard result (145). 

6 Concluding remarks 

In the paper, expanding possibilities for constructing conservation laws and 
conserved quantities for perturbations on arbitrary curved backgrounds in met- 
ric theories, we have suggested a new family of such expressions and quantities. 
Particular types of conservation laws, which relate to this family, already exist 
and have been applied. Thus, in [20-23], the conserved quantities denoted here 
as a starred ones have been presented, see Subscct. 3.2 and Appendix B. The 
quantities derived in [17] are related to the type considered in Subsect. 3.1. 
Let us show this. 

Reformulating the superpotential (4.8) in the Deruelle, Katz and Ogushi 
paper [17] constructed in the EGB gravity in our notations, one obtains 



(148) 




(145) 




(146) 




(147) 
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Reformulating the starred superpotential (178) in the terms of the dynamical 
covariant derivative (172) with the use of (173), one obtains 

Kd Kd ^ J 

Comparing i'^j^q — i*"^ and the difference i"^ — i*"^ presented in (134) one 
can see that j^'^^q = where 1°'^ is just the superpotential of the type 
constructed in subsect. 3.1. However, recall that an additional divergence in 
the Lagrangian in [17] differs from the divergence here defined by (180) in 
Appendix B, see remarks around (180). 

The result of the application here is that all the superpotentials of the fam- 
ily give the same standard accepted mass for the S-AdS BH. Thus, differences 
between various conserved quantities of the family, possibly, look as not essen- 
tial. However, numerus solutions of popular gravitational theories frequently 
have very exotic properties. Therefore, wider possibilities to study such solu- 
tions are desirable, and, in this rcilation, the suggested family presents a more 
universal instrument. We do not exclude the situation when any solution any 
modified theory of gravity could be a crucial test solution for a choice between 
nicinibers (conserved quantities) of the family. We plan such applications in 
future. 



A Auxiliary algebraic expressions 

Here, we give useful for calculations algebraic properties of the operator presented by the 
notation | ^ included in (3) : 

5Q^ = £^Q^ = -edo.Q''+Q^\ldc^^ . (150) 

In general, we follow to [24], however our treating Q"*]^ is more simple and more effective, 
as wc imagine. Wc define the operator for covariant quantities only; tensor densities or sets 
of tensor densities. For example, for a tensor density of the weight +n one has 

4;7T-p...cr|^ "'^ivV7rp...£7 i^iyV7rp...a- T^"ivV7rp...(T ^ • • • ^ ^i^^ n p...a 

_ <:l^r)a(i----Y _ st^lja/}...^ _ _ jjMr)a/3...7 ,-.r-. ) 

"7r (yp. . .(7 ^p 7ri^. . .(7 ••' "(T ^/ Trp. . .f • \^'~'^J 

Thus, for the metric one has fl^ii/IJI = — <5J^9/3i/ — SvO^Pt the scalar density: = 

—S^C. One can see that calculations with expressions, like (151), could be very cumbersome. 
Whereas the use of the abstract form I is, indeed, more economical, this is a main 
reason why we suggest to apply it here. Only to show a final result after calculations the 
form (151) could be represented. Below we describe properties of the definition |™, which 
are necessary in the present paper. 

The right hand side of the equation (151) shows that the quantities Q"^]^ a^re tensor 

densities of the same weight as the tensor densities Q^. Therefore, the covariant derivative 
of tensor densities | " is defined in a usual manner as applied to a covariant 
quantity. Thus, the evident property 

(Q^a)r=(Q^r) -5SQ^;p (152) 
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follows after covariant differentiation of (151). Also an a<;tion of a double vertical line is 
defined by a natural way; 



(153) 



where is a new generalized index. More important properties follow from the usual 
properties of the Lie derivative. Thus from 



i;^<5? = 0; 

where [C^] = ^''C" ,p ~ CC.pi the next relations are derived: 



Q 



A|/3 



<5q 

(Q^pS)| 

- Q' 



0; 



-+(Q^)|>^; 



(154) 
(155) 
(156) 



(157) 
(158) 

(159) 



Among these the second property (158) is more useful. Thus, in our calculations frequently 
we use the transformations, like this 



dQB;a 



dC 

dQB;a 



Ql 



dC 

dQB;a 



(160) 



The first term at the right hand side, to which the vertical line is applied, is a vector density, 
therefore it is useful also 



ac 



-Qb 



Qb + Ot Qb ■ 



dQB;a aQB;p 

The above properties are enough to derive the useful relation; 



(161) 



Q 



B\P 



Q^ 



(162) 



The definition in (150) corresponds to the presentation of the covariant derivative 

by the way: 

DcQ-* = 9„Q'*+ Q-^I^T^p. (163) 

Namely this presentation is used to represent a partial derivative through a covariant one. 
Recall that for the vector density Q": DaQ°' = daQ", and for the antisymmetric tensor 
density Q"^: DpQ"C = dftQ""^ . Then, the definition (163) evidently gives 



r = 



Then (161), as an example of the vector density, gives: 



(164) 
(165) 
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At last, we note that the notation can be used also in antisymmetrization of the 

covariant derivatives: 

Q"^ -,.1, = Q'^\"^R J,.. ■ (167) 

Calculations in the text of the paper are very prolonged and it is impossible to note 
in each the case what formulae in this Appendix have been used. Therefore, we do not do 
it, explaining only a general direction of calculations. The information in this Appendix is 
quite enough to repeat our calculations without principal obstacles. 



B Necessctry formulae in the Einstein-Gauss-Bonnet gravity 



The action of the Einstein Z?-dimensional theory with a bare cosmological term Ag corrected 
by the Gauss-Bonnet term (see, for example, [14]) is 



1 
1 

2kd 



dPxLEGB 



d'^xW-g [R - 2Ao + a(RR)GB] + 



(168) 



(RR)gb = R^pysR"^''^ - ^Rc.ffR"^ + R' 



(169) 



where ko = 2fio~2GD > and « > 0; Go is the D-dimension Newton's constant, nD-2 
is the area of a unit {D — 2)-dimcnsional sphere, and wc restrict ourselves by Ao < 0. The 
subscript 'g' is related to the pure Einstein part of the action (168), and the subscript 'gu' 
is related to the Gauss-Bonnet part connected with a-cocfhcicnt. 

To present the metric Lagrangian Lege in an explicitly covariant form Cegb one has 
to change partial derivatives of the dynamic metric Qpii, in the Riemannian tensor by the 
covariant derivatives Wc use next useful formulae: 



DnA 



A 



■ A'' - 



R"" 



-SR^ 



R TP 



(170) 



where 



Dp,gpi, + DvQpfi, - DpQ^v 



(171) 



is the difference between the Christoffel symbols related to the dynamic g^i, and the back- 
ground g^^ metrics. It is useful the next relations also. Analogously to (163) one defines the 
covariant derivative related to the dynamic metric: 



Then, comparing (172) and (163) one obtains 



•,A\P 



ap 



(172) 



DaQ-^ = Do 



(173) 



The coefficients n* and m* (see formulae (176) and (177) below), corresponding to the 
Lagrangian Cegb in (168), are necessary for calculating superpotentials. However, at the 
first it is useful to present the next derivatives: 



-2kj) OCegb 
V-9 dgp,„-a 



-2kt 



Kpg'^'g''^'' + g^'^A^g-'^f - g'^^t^A'^^g'"' 



4a 2R"'^'>(i^A'^l - A^pR^i^'^i' 
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+ AZpR'Pgi''' + - 2A'ipR'''^i'g''>] 

^Spfl^'^s"'" - g"'^^'A"Jpg''p\ ■ 



TP 

+ AaR 



(174) 



-2Kr, dCsGB -"if^D ( dC 



dCr 



dg^„-ai3 V-9 \dgij,i,-al3 dgi^^.^a 
2a [2R«('"')'' - 4R°(''g'')^ + 2g'"'R"'' + 2g°'P Rf"" + R (g"'^" g"*'^ - g°"^ g'"')]{175) 



Substituting (174) and (175) into (61) and (62) one obtains 
"a — (E)"<T +{GS)"-<T 



(176) 



(B)™r'' + (GB)™r'' 



(177) 



2kd 



\&'-,A%gi'- -2A",^gf'f ^ A'p,g° 



4a-/=s 



- 2A'^„^g^P + /i^c.ff"'') i? - 25S"9"'^9rR 



Using the coefficients (176) and (177) in (71) one obtains for a pure Ncether canonical starred 
superpotential in EGB gravity 



-^{gP^'='DpiP'\^gP\°'A%i'') 

+4Z\^^g^["<l + A^^.g^^OR^ ^ 



2<X^ 



Kb 



(178) 



j*a/3 = J_D[a|/31 _ ^ (i?^^"/' + Ag^l'^A'^ + S^^gl^]^R] ■ (179) 

KD KD I ) 

To finalize forming a pure canonical superpotential one needs to choose the divergence. We 
prefer the choice induced by the Katz-Lifshits approach [19] instead of the choice in [17] (see 
discussions in [20-22]). Thus, we choose in (115) - (117) 

d« = ^E)d" + (GB)d" = 2A^^^g°'^P +Aa - 2R^; g'-^l' - 25^^ IT^P + ^-^ff^l^fl) . 

(180) 



Conservation laws for perturbations in metric theories of gravity 



31 



Using the coefficients (176) and (177) in (95) one obtains the BeUnfante corrected starred 
superpotcntial in EGB gravity 

+ 4RPg^i'' + 4gP^R\^ +2R{S^gP^" - SPg^i") a'^l^.jr 

_ ^ + 4a^[«i?fl + sl^gf^^A] D;,r , (181) 

KD L J 

^ = J_^IKD^ _ ^ (l^^^/s + 4^M^ + 5i"3/31Ai?\ Dxi" . (182) 

KD KD I ) 
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